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STUDY OF THE AXISYMMETRIC CONTACT PROBLEM OF THE WEAR OF A*PAIR CONSISTING OF
AN ANNULAR STAMP AND A ROUGH HALF-SPACE

E.V. KOVALENKO

The solution of on axisymmetric contact problem of wear in an elastic,
rough half-space by an annular stamp, is used to construct a method of
investigating a class of two-dimensional integral equations of the second
kind containing Fredholm coordinate operators and Volterra time operators.
By applying to these equations an analogue of the method of separation
of variables, we can reduce the problem to consecutive solutions of integral
Fredholm and Volterra equations of the second kind, and in the case of the
Fredholm equation the problem solved is that of determining the eigenvalues
and eigenfunctions.

The method enables us to obtain expansions for the basic characteristics
of the phenomenon of contact interaction, valid over the whole range of
time changes. In the case of contact problems with wear and smooth bodies,
the basic solution equations can be studied using the method of matched
asymptotic expansions. The integral equation of the second kind with a
logarithmic kernel obtained in the boundary layer, is solved in a semi-
infinite interval in closed form by reducing it to a functional difference
equation with shear.

1. As we know /1, 2/, the axisymmetric contact problem with abrasive wear, of impressing
a stamp annular in the plane (¢ <(r (1) into a rough, elastic half-space, written in dimensionless
coordinates using the notation given in /1/, can be reduced to an integral equation (here and
henceforth we assume that the quantity T is sufficiently large, but such that y () is of the
order of the displalements in the linear theory of elasticity)

1
o0+ 2 (oo k (2L ) 22 (1.4)

1
10—i—r{orndr @< <1,0<1<T <o)

c

(K (k) is the complete elliptic integral of the first kind), when the following condition is
satisfied:

P(ty=2n\ro(r,t)dr (1.2)

X Y

Clearly /1/, two basic versions of problem (1.1), (1.2) are of interest: 1) the function
v (1), characterizing the displacement of the stamp, regarded as a rigid unit, with time, is
given, while the contact pressure ¢(r.t) and the force P (), pressing the stamp to the
foundation are determined; 2) P (f) is given, and we determine ¢ (r.¢) and v (t). In both cases

formulas (1.2), (1.3) of /1/ are then used to find the foundation wear rate.
Let us consider the first version of system (1.1), (1.2). Let the rigid displacement of
the stamp ¢ (f) vary with time according to the law
YO =3+t (0) 0<t<T) (1.3)

Y () = 0 (f - ); ¥, yo = const

Henceforth, we shall assume that the function vy(¢) 1is continuous for te< [0, 7], i.e.

vi=C (0, T). Then, as was shown in /1/, the contact stresses ¢ (r, ) have the following
structure:

G ) =T1¢u + G (1 1), o = V= (1.4)
G (1, 1) > 0 (£ — o0)

Using expressions (l.4), we shall simplify integral Eq.(l.l) as follows:
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t

g (r,0) -+ Hog (0. ) =y (1) = /() —r Y ¢ (r, dr — 10 (1) (1.5)

1 . '
D (r) = —— Scp(r,t)dt

[
(c<r-1. 0<tCT)
1

2 ¢ L2y er

Ho=—\¢ (0K (%;VT‘%) pip, (1.6)

e
and subtract from it, term by term, the relation cbtained from (1.5) at t = 0. Taking into
account formulas (1.3), (1.4}, we obtain

lr[sv? (r ) — @u (r; O)] = Hp [ @4 (0, 1) — 4 (0, O)] + (1.7
rlgn (n0dr=1,0)— 1, (0)
0
(c<<r< 1.0t T

X

Let us transfer from Eg.(l.6) to the system of two integral eqguations equivalent to it

/3, 4/ '
Hen(rot) — ¢ (r, O] + H [¢1(0, 1) — @1 (p, 0)] + S(p; (r,1)ydv=20 (1.8)
[}
Hea(r 1) — o (r, O} + H [g2(0, 1) — g2 (p, O)] + Sfpz (ron)dt=y,(t) — v, (0) (1.9
e<r<t oLt T
Gy (7, ty =7} [(Fl (ro &) + @, (r, 1)] (1.10)

It follows that we require to find a general solution of the homogeneous Eq. (1.8} and a
solution of the inhomogeneous Eg. (1.9).

Let us construct the solution of (1.8). We first note that the operator H (1.6) is self-
conjugate, completely continuous and positive definite /1/; it acts from the Hilbert space

Ly (e, 1) into L,y (¢, 1). According to the general theory of such operators /5/, a system of
eigenfunctions {g¢, (r)} (n > 1) H¢ (1.6) is orthogonal and complete in L, (c. 1). all eicenvalues

L, of the operator Hg¢ are real and positive, and A; > A, > ... > A, > .. .0, hy ~ 7 (n—
00). The algorithm for constructing the eigenfunctions of the operator H (1.6} is given in
/1, 4/.

We shall seek the solution of (1.8} in the form

Gl t)= 2 al’ (1) ¢ () (1.11)

Substituting (1.11) intoc (1.8) and taking intc account the relation
Hgp = dy@u (1) e <r < in=1,2,..) (1.12)
we obtain
- o 1
PN y B . g
2=l () —al ()] = 3 ¢ )\ ()dr =0
7t=1 n=1 0
Equating in the last expression the coefficients on the left and right-hand sides of
eigenfunctions of the operator H with the same index, we arrive at the following egquations for
determining the function a,® (f) (n = 1):

1
(1 =) fal (1) —alP () = (a ()dr =0 (1.13)
(0=t C T ’
and this yields
ad (t)=aP (0)exp(—mpt), @n=(-=hy)l ap—11 (1.14)
Let us now construct the sclution of the inhomogeneous Eqg.(1.9), seeking it in the form
Pa(r,t)= i aw (1) g (r) (1.15)

ni==1

We substitute (1.12), (1.15) into (1.9) and use the fact the eigenfunctions of the operatcr
H are orthonormalized. As before, we obtain
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{
{4+ 1) [ (8) —ai? (U)H—S B (DA =ba[14 () =7 (O)] (n=1,2,..)) (1.16)
0

(1= Z batn(r), by ~—S%<r;dr)

£S5
Now taking into account the asymptotic formulas (1.14), we expand the functions 7y, (#)
and a,® (f) in exponential series /6/ in {exp (—a,t})}, converging uniformly for ze= (0, T]

Ta ()= 2 Srexp(—ant) (1.17)

aP () == 2 Cni€XP (— ot} L et eXp {— at)

{the prime on the summation sign in (1.17) means that the term with index n =1 is omitted).
Substituting (1.17) into {1.16) and equating the coefficients of (exp (—a,t) — 1} we obtain
=00ttt (ot — @)Y {in), Cppo=—8buat (1.18)

Thus we construct the sclution of the problem in question in the form (1.3)~(1.5}, {1.11},
{1.14), {1.15) and (L.17), to within a denumerable set of constants @ (M {(#T=1). To find
the unknown constants we write, in accordance with the above formulas,

p(r, 0)=r"gx + ;}‘afﬂ’w) en(r)+ El % Cnitpn (r)] (1.19)
Ofry= {1 — ) {pe — TL 2 anan (0) < {1.20)

Exp(—aml) = Doal) = 72 3 [ S allenilexp(— ) — 1) +

n=1 i=

6 un T exp (— 0, T) -+ e (exp {— anT) 1) nn] 0 (7))

and use integral Eq.(1.5) for ¢ =0, where the function f(r}<= L, (e. 1) has been previously
expanded in a series in eigenfunctions of the operator H (1.6)

o 1

Hr)= 3 fan (). Fa=\F (") pulr)dr (1.21)
Tl @

converging in the nomm of the space L,{c, {1). We alsc note that according to calculation all

terms within the curly brackets of (1.20) except the first, can be neglected when 7 >0 and

we can still achieve an accuracy that is sufficient in practice. After this, substituting

il '.‘:‘(l 21) lntc (1.5) for i—-(} mult lplylr}g both sa.des of the la*ter by ¢m (), integrating

agc) (0) =0y {bm il v “"“ ?.J’ 6n b}"’{'\’m (lbm -+ dua -+ I?m) + .fm]\ z Conn (122)
bEs

L

L=l g (r)dr

=== (| —t“}§cpl,,._(r}li’(’r}a?rS Oy = §

1
c ’W’yr dy

Finally, the general solution of the problem in question will have the form
p(r=r{y. + .5_‘ a’ (0) @n () x (1.23)
RXP (e ) - ;;1 Y {1} Pn (”‘}5

Y (1) = nél Coan €XP (— Otpt) b L0y €XP (— Qlpl)

and the constants @, (0) are given in the form (1.22).
Now using the condition of statics (1.2) we obtain, in accordance with formula (1.23).

POy=2z[1 —c)v=+ T ol (0) baxcexp(—an) + g B (1)) (1.24)

i.e. the force pressing the stamp intc the foundation and the contact pressure both tend to
a constant value with time.
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Following the procedure in /4/, we can show that the series (1.23) converges in L,(c, 1)
uniformly with respect to t in the interval [0, T1(T > 0), and Eq.(1.23) gives the generalized
solution of Eq.{1.1).

2. Now let

Pty = P, + P, (t); P = const, P, (1) — O (t — o) (2.1)

Then, as was shown in Sect.l, the contact stress ¢ (r,t) and the subsidence of the

foundation surface under the stamp v (f) changes with time according to the laws (1,3), (1.4),
and Puo = 20 {1 — ¢) ¢ = 201 (1 — ¢) ya Pprovided that we demand, in accordance with the condition
(1.2) and representation

Ty (7‘, 2) = {591* {i) -+ @y (rs i}} {2-“

that
1' 1
S(pg(r,t)drzo, 2:(5(p1*(t)dr==2n(l-~c) ¥ ()= P, (1) (2.3)
4 4
We now change, as before, from the integral Eg. (1.1} to the approximate Eg.{1.7). If we
now add to, and subtract from, the left~hand side of the latter the expressions

Drig* ()~ o*O) (90,0 —we(p, O] 0B ()dp

then the integral Eq.(l.7) will be satisfied when the functions @* (¢) and ¢ (r, t) supply
solutions to the corresponding equations

2

(+ D) [e* () — ¢* (O)] + g™ (D) dr = (24)

Y (1) = 7 (V) — 3 [ (o) ) — g (p, V)] B (0)dp

1
Hea (r 1)~ 2 (r )] + — \ [g2 (0, O) — g2 {p, O)] & (o, r)dp (2.3
. R
5q2(r. Tjdr=g(rt}
[
c<r<1, 051K
-2y pr ) . ,
k(o r) = K (mpﬁp[ ) —a2[Bp)+ B(r)] (2.6)
g ) =lg,* () —¢* (OID — (1 — o) B
Note that the kernel K {p.r} of the form (2.6 is symmetric and has the property
b
S pe{p )k (p r)dpdr =0 (2.7)

Let us introduce the space L.°{c, 1) of functions square integrable in the segment fe, 1]
satisfying the condition

1
\g(rydr=0 (2.8)

We can show that the space L.° (¢, 1) is a subspace of L, (c, 1).

Thecrem. The integral oOperator
1
2
Hog=-2\@(p) ko, 7)dp (2.9)

is a selfconjugate, completely continuous and positive operator acting in L.%{e, 1).
The first two assertions of the theorem follow directly from the symmetry of the kernel

(2.6), its guadratic summability and condition (2.7 .
Let us establish the positiveness of the operator (2.9) in Ly0(c, 1).

use the relation /7/

To do this, we shall

_r g(2m) %
srrm X ( . /}—US'I“("“)J"@“M“
Next,. constructing the scalar product for ¢ == 0, we obtain

(¢, HOQ)o={ P2uydu>0, F (= "{q(r)Jo(ur)dr

0

SVl
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the latter implying the positiveness of the operator H® in L,®(c, 1).

We will use the methods of /1, 4/ to construct a system of eigenfunctions {¢, (")} and
the corresponding sequence of eigenvalues {},} of the operator (2.9).

According to the theorem the system is orthonormal and complete in L,%(c. 1), and all
A >0 with %, ~n? (n— ). The function ¢, (r, ), appearing in Eq.(2.5) will be sought in
the form (2.10)

@2 (ry 1) = ¢ (r, 1) + @2 (1, 1) (2.10)
where ¢, (r, t) is the general solution of the homogeneous Eq.(2.5) and @) (r, #) is the
solution of the same inhomogeneous equation. Choosing the constant D in (2.6) in such a manner
that g (r, t) & L% (¢, 1) for any t (see (2.8)), we shall write the functions @ (r, ?). ¢.¥ (r, #) and
g(r,t) in the form of the following series:

W@ro=3 o Oeat) (=12 211)

gr ) =Ie* () —@* ()] 3! brgn () (2.12)

1
b=\ gu () B(r)dr

0
The homogeneous Eq. (2.5) and the first relation of (2.11) are both reduced to the integral
Eq.(1.13) whose solution has the form (1.14). Substituting the second equation of (2.11) and
(2.12) into the Eq.(2.5) andequating the coefficients on the left and right sides of the
resulting expression for the eigenfunctions of the operator H® with like index, we obtain

w o (1) —aP ()] + (o (Y dr=sbu [ () —@* (O)] (01 T) (2.13)

Since the system of exponents {exp (—a,f)}, taking the last conditionof (1.14) into account,
is closed in C (0,T) /6/, paying due regard to the formula (2.3), we obtain,

Tl_c) Pot)y=p*(t)= Z 8, exp (— ant) (2.14)

=1

Eg. (2.13), according to (2.14), will be satisfied if a,® ({) has the structure (1.17),
(1.18) .

Finally, using the relatiocns (2.10), (2.11), (2.14), (1.14) and (1.17) we obtain from
(2.4) the additional subsidence, unknown under the stamp, and the functions g, (r, ), ® (r)

Vo (t) = 2 {[(D =+ 1) 6, — al (1) B, exp (— ett) + Bt (1)), (2.15)

n=t

bo={ ¢ (r) B(r)ar

Palri )= 3 [a (O)exp(—a,t) ¥ ()] 4 () (2.16)

=]
D) =(1—r)rig (2.17)

Here, as before, when T >0 the remaining terms in (2.17) for @ (r) can be neglected
compared with those retained.

The unknown constants 4¢,M(0) in Eq.(2.16) are found by substituting the contact stress
@ (r, 0) into integral Eg.(l1.5) and ¢t =0, and carrying out the following transformations.
We supplement the system {g,(r)} (n > 1) of eigenfunctions of the operator H° (2.9) with the
element @, (r) = (1 — ¢)™+. Then the sequence of functions {g, (r)} (» > 0) will be orthonormalized
and complete in the space L, (c, 1). Let us expand the functions f(r), (1 —e)B (), ! —nNrile
Ly (c, 1) in series in texms of the system {g, (r)} (n>0)

1= 3, 1sta®), (1—0BE)= 3 digur) (248)
A=nr=3 eon) (U @, ted =)
converging, at least, over the norm of the space L, (c,1). From formulas (2.1)—(2.3), (2.17)
we find
o (rs 0)=—:—7;x,,cp,,(r), XF#:P(‘” (2.19)

Xo=a(0)+ X tym (n>1)
m=1
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Now using Egs.(2.18), (2.19) and taking into account the orthonormality of the system of
functions {g, (r)}(r > 0) we obtain, in accordance with (1.5) for f =0

Xty (Ko (1 — ) - fy -+ ley) (2> 1) 2.20)
. 1 < > R g— .
Yo = ey [ L Ko VI o= )]

When writing Egs.(2.20), we have taken into consideration the fact that G (" (n > 1) are
the eigenfunctions of the operator (2.9) and satisfy condition (2.8). From (2.19} , (2,203 , we
find the constants o.M (0),then determine y, (1) using Eq.(2.15), and use the last relation of
(2.20) to obtain the constant ¢ in (1.3).

An assertion analogous to that formulated at the end of Sect,l can be proved for the
function ¢ (r, t).

3. Let us consider some special cases. Let e.g. in (1.3) Yo = Vs () 2 0. This means that
the progressive displacement of the stamp is independent of time /2/. From Egs. (1.4}, (1.22)—
(1.24) we find that

L"'m(ﬂ (0) = iy (Yo — foy — Iom) wlm = 1) (3.1
* 3
gir, =113 o @, (yexpi—ayt), P)=21 3 o’ 0) 5, exp(— a1
Tha n==1
i.e. in this case the constant pressure and the force pressing the stamp into the foundation
both tend to zero with time.

Let us now assume thatin (1.3) only v () =0. This means that the rate of progressive
displacement of the stamp is constant in time and equal to y_. From (1.17), (1.18) we find
that 68, = cpy = 0.

Let us also study the limit version of the integral Eq.{l.l) when !={. Making the change
of variable r=cexpi{l + #) A, o= cexpl(l + §)/A] and introducing the notation given by the formulas
pE N =pge. 0 h=—20ncL B ) =My —F (5], m (=) = sch (}3) & [sch (,2)]. we obtain an integral
eguation of the first kind with a difference kernpel

t
PR a

3
'_:i* S'\l(: t}nzk_’}v ;);:"E,:::ﬁ(,rf t)-},’\ﬂ'{x,r)rir i<ty 3.2)
et 6

m(z)~ ~ Infz](z— 0 (3.3}
Let us further introduce the small parameter er!(gh"'<C 1) and rewrite (3.2) in the form

e

L@ i o , ’
- ) eE, ) m ( ';\ x }a‘;:ﬁu’, E) = A e\ Yz, ndtridzl< D) (3.4
Ly i)
{2— T} .

= 5 WEn—%Cajm — Jd=0{ 5~fir 9= 3.5

]

{
2\ Ve matqaicl e <1< T o)

gamt
Note that the soluticn of the integral Eq. (3.5) can be obtained using the methods of
Sects.l and 2, and we shall therefore not describe its construction., Let us consider Eq,(3.4).
Taking into account the fact that ¢ (z. f) = 4 (z, &) 4+ O (ei°1) (t & (0. e27Y), &A1 € 1), and neglecting
in the resulting expression terms of the order of  (ei-1)?, we obtain

ﬁ‘(’i.?)m<;zz)dizﬁ(1,s} (EIR ) {3.0)
1
The solution of {3.6) was obtained using the method of matched asymptotic expansions and

has the form /8/

[T

i
e {x, £) - =

Yz, ¢} =

1 1) - PR i tfaxy | [ he2h -
= (o= TRy TR | (e () e () @.n

We have in (3.7), by virtue of (3.3) @@ =%(r.0)y I —z22=C(—1 1), and the function ¥ (. 0)
satisfies integral Eq. (3.6) for =0, and g (s) is a solution of the equation

T

q(r)lni = ldrzq(O) (U] s < ool

1
gl —

o G

As was shown in /8/, the latter expression is equivalent to the functional difference
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equation with shear /9/, which has a closed solution.

The authro thanks N.Kh. Arutyunyan and V.M. Aleksandrov for their interest.
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HIGH-FREQUENCY SHEAR OSCILLATIONS OF A STRIP STAMP ON AN ELASTIC HALF-SPACE’

A.S. ZIL'BERGLEIT, I.N. ZLATINA and T.YU. SIMKINA

Harmonic shear oscillations of a rigid stamp with a plane base coupled to
an elastic half-space are studied. The problem is reduced to dual integral
equations whose solution, effective for short waves, was constructed in

/1/ and validated in /2/. Expressions for the complex amplitude of stamp
oscillations are given and analysed, as well as those for the contact
stresses and their intensity coefficients, and the power averaged over the
period of oscillations transmitted from the stamp to the half-space per
unit length of the stamp.

The problems of the oscillation of a strip stamp on an elastic half-
space have been the subject of a considerable number of publications (see
/3, 4/ and their bibliography). However, a high-frequency analysis of the
oscillation patterns is practically non-existent. The only known reference
on the subject in a short section in /5/.

Consider a rigid strip stamp whose plane foot occupies a strip |z |<la, y =0, |z | << o,
The stamp is coupled to a homogeneous isotropic elastic half-space y > 0 and executes’
oscillations along the (z axis under the action of a load harmonically time-dependent, with
linear density Re (Tel®!). We will write the unique non-zero displacement component in the form

U = U (1, y, 1) = Re [w (2, y) ei!]
Aw —+ kw = 0, Yy > 0; k = g)c_‘, ¢ = G"/fp_"" (1)
. ow
wheo=3, |zl<a; G| =0 |1]>a (2)
The function w(z, y) satisfies the demand of local finiteness of the energy and radiation
conditions; G is the shear modulus, § is the unknown complex amplitude of the stamp

oscillations and ¢ is the velocity of volume shear waves. The problem is closed by the equation
of motion of the stamp in complex form
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