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STUDY OF THE AXISYMMETRIC CONTACT PROBLEM OF THE WEAR OF A PAIR CONSISTING OF 
AN ANNULAR STAMP AND A ROUGH HALF-SPACE* 

E. V. KOVALENKO 

The solution of on axisymmetric contact problem of wear in an elastic, 
rough half-space by an annular stamp, is used to construct a method of 
investigating a class of two-dimensional integral equations of the second 
kind containing Fredholm coordinate operators and Volterra time operators. 
By applying to these equations an analogue of the method of separation 
of variables, we can reduce the problem to consecutive solutions of integral 
Fredholm and Volterra equations of the second kind, and in the case of the 
Fredholm equation the problem solved is that of determining the eigenvalues 
and eigenfunctions. 

The method enables us to obtain expansions for the basic characteristics 
of the phenomenon of contact interaction, valid over the whole range of 
time changes. In the case of contact problems with wear and smooth bodies, 
the basic solution equations can be studied using the method of matched 
asymptotic expansions. The integral equation of the second kind with a 

logarithmic kernel obtained in the boundary layer, is solved in a semi- 

infinite interval in closed form by reducing it to a functional difference 

equation with shear. 

1. As we know /l, 2/, the axisymmetric contact problem with abrasive wear, of impressing 
a stamp annular in the plane (c<r ,.< 1) into a rough, elastic half-space, written in dimensionless 
coordinates using the notation given in /l/, can be reduced to an integral equation (here and 
henceforth we assume that the quantity 2' is sufficiently large, but such that p(t) is of the 
order of the displalements in the linear theory of elasticity) 

Iw(r,t)+~Srp(p,t)K(~)~= 
Pf' u 

(1.1) 

(K v-) is the complete elliptic integral of the first kind!, when the following condition is 
satisfied: 

p(f)=2n.!rp(r,I)dr (1.2) 

Clearly /l/, two basic versions of problem (l.l), (1.21 are of interest: 1) the function 
I' (t) , characterizing the displacement of the stamp, regarded as a rigid unit, with time, is 
given, while the contact pressure m(r. f) and the force P(t), pressing the stamp to the 
foundation are determined; 2) P(t) is given, and we determine cp(r, t) and P (t). In both cases 
formulas (1.2), (1.3) of /l/' are then used to find the foundation wear rate. 

Let us consider the first version of system (l.l), (1.2). Let the rigid displacement of 
the stamp j,(t) vary with time according to the law 

Y 0) = p + 1'J + y* (t) (0 < t < T) (1.3) 
ye (t) - 0 (t --+ m); y, yw = const 

Henceforth, we shall assume that the function v(t) is continuous for t E 10, Tl, i.e. 
; !:)- c (0, T). Then, as was shown in /l/, the contact stresses cp (r, t) have the following 
5trticture: 

cF (r, 0 = r-“cm + CF* Cr. t), CF= = so; 
‘c. (r, t) - 0 (t + m) 

Using expressions (1.4), we shall simplify integral Eq.(l.li as follows: 
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(1.5j 

(1.6) 

and subtract from it, term by term, the relation obtained from (1.5) at t = 0. Taking into 
acccunt formulas (1.31, (1.43, we obtain 

0: (r, 2) -'p* (r,i)Jl - HP [cF* (I'? t) - cp* (P. O)l + (I.;) 

Let us transfer from Eq.Cl.6) to the system of two integral equations equivalent to it 

/3, 4/ 

i [ccl (r, t) - O,I (r, (‘)I + H ful (r,. 1) - ‘PI@> o)] 7. j ‘PI (1.t T)dT = (1 (1.h) 

(c < r < 1 0 .< t L< T) 
q* (r, t) = r-l Iv1 (r. t) + v2 (r, f)l (1.10) 

It follows that we require to find a general solution of the homogeneous Eq.Cl.8: and a 

solution of the inhomogeneous Eq.Cl.9). 

Let us construct the solution of (1.8:. We first note that the operator H (1.6) is self- 
conjugate, completely continuous and positive definite /l/; it acts from the Hilbert space 

L,(c, 1) l_nto&(c,l). According to the general theory of such operators /5/, a system of 

eigenfunctions {I,,} (n > 1)Hy (1.6) is orthogonal and complete in L, (c. 1). all eiqenval.des 

A, of the operator Hr+ are real and positive, and A,> & > . >, i.,,> . .; 0. A,,- II-’ (I)-- 

=J). The algorithm for constructing the eigenfunctions of the operator H !l.E) is given in 

/l, 4/. 
We shali seek the solution of (1.8) in the fcrm 

Substituting (1.11) intc (1.8) and taking intc account the relation 

Hqn = h,~,~ (r) (c < r < 1; n = 1, 2, .) 
we obtain 

Equating in the last expression the coefficients on the left and right-hand sides of 

eigenfunctions cf the operator H with the same index, we arrive at the following equations for 

determining the function n,," (t) (I/ Y 1): 

(1 - i.,,) [n:,“(t) - of:‘(n)] - sui:‘(r)dT =o (1.13) 

(0 < 1 .: T) 

and this yields 

a::’ (f) = alf’ (0) esp (~ a,$), a,, = (1 -- i,J1; a,, + 1-l (1.14) 

Let us now construct the solution of the inhomogeneous Eq.(1.9), seeking it in the form. 

We substitute (l.lZj, (1.15) into (1.9) and use the fact the eigenfunctions of the operator 

H are orthonormalized. As before, we obtain 
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(1.16) (I .+ L,,) [am*‘- a:) (0)] -t- f a:’ (T)~T == b, iv* 0) -se (ON (~1 = L2, . . .) 
0 

(i= i b~~~(~), 6,=~tp,(r)dr) 
?I=1 c 

Now taking into account the asymptotic formulas (1.141, we expand the functions t'*(t) 
and s,,is~(t) in exponential series /6/ in {erp (--ar,tf}, converging uniformly for TV !O, Tl 

(the prime on the summation sign in (1.17) means that the term with index R = i is omitted). 
Substituting (1.17) into (1.16) and equating the coefficients of (e?;p f--a,&- If we obtain 

and use integral Eq.(1.5) for t = 0, where the function j(r)c I&c. 1)has been previously 
expanded in a series in eigenfunctions of the operator H (1.6) 

fo")= ii fnnk). f,=~f(4~,P)d~ (1.21) 
?&=I c 

converging in the norm of the space L,(c, 1). We also note that according to calculation al.1 
terms within the curly brackets of (1.20) except the first, can be neglected when T>il and 
ve can still achieve an accuracy that is sufficient in practice. After +this., substituting 
:-.i_ ’ “‘:-_j1.21) into (1.5) for t =O. multiplying both sides of the latter by vm(rf, integrating 
i c- -- ,~ ;,:, A+,.. 1 and using the condition of orthonormaiization of the eigenfunctions of (1.6), we 
obtain 

Finally, the general solution of the problem in question will have the form 

(1.23) 

and the constants a,fl)(O) are given in the form (1.22). 
Now using the condition of statics (1.2! we obtain , in accordance with formula (1.23). 

(1.24) 

i.e. the force pressing the stamp into the foundation and the contact pressure both tend to 
a constant value with time. 
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Following the procedure in /4/, we can show that the series (1.23) converges in &(<,I) 
uniformly with respect to tintheinterval (0. Tl(T>O), and Eq.Cl.23) gives the generalized 
solution of Eq.tl.1). 

2. Now let 

P (tf = P, + P, (t); P, = const, P, (t) - 0 (t -+ 0~) (3.lj 
Then, as was shown in Sect.1, the contact stress u, (r. t) and the subsidence of the 

foundation surface under the stamp v(t) changes with time according to the laws (1.31, (l..V, 
and P, = &c(l- c)r& = 2n (1 -c) y-; provided that we demand, in accordance with the conditicn 
(1.2) and representation 

T* (r, 2) = r"' I'fl* ($1 + 92 (r. t)l {Z.?) 

that 

5 CPZ P, t)dr = 0, 2~~~~*(f)dr=2n(l-e)~l*(tj=P,(t) (2.3) 
e e 

We now change, as before, from the integral Eq.Cl.l.1 to the approximate Eq.Cl.7). If we 
now add to, and subtract from, the left-hand side of the latter the expressions 

then the integral Eq.Cl.7) will be satisfied when the functions Q* (1) and (~~0.. t) supply 
solutions to the corresponding equations 

(2.5) 

(2.C) 

Note that the kernel /?(p.r) of the fc,n-. (2.0: is sfimetric and has the property 

Let us introduce the space Lzo(c, 1) of functions square integrable in the segment [cl 11 
satisfying the condition 

jg(r)dr=O (Z.Sj 

We can show that the space LzO(c, 1) is a subspace of Lz(c, 1). 

Theorem. The integral operator 

is a selfconjugate, completely continuous and positive operator acting in L,O(c, 1). 
The first two assertions of the theorem follow directly from the symmetry of the kernel 

(2.6), its quadratic summability and condition (2.7). 
Let us establish the positiveness of the operator (Z.9) in Lz”(c,l). To do this, we shall 

use the relation /7/ 

Next,.constructing the scalar product for cc+ 0, we obtain 

(~,H’pk=~F’(rc)du>0, F(u)=$p(r)Jo(ur)dr 
0 
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the latter implying the positiveness of the operator Ho in -&' (c, 1). 
We will use the methods of /l, 4/ to construct a system of eigenfunctions {q,,(r)) and 

the corresponding sequence of eigenvalues {h,} of the operator (2.9). 
According to the theorem the system is orthonormal and complete in L,O (c, I), and all 

A, > 0 with i.,, - n-l (n -+ m). The function q?(r,t), appearing in Eq.(2.5) will be sought in 

the form (2.10) 
'Fz (r, t) = cF2.(') (r, t) + cpP (r, t) (2.10) 

where cpz(') (r, t) is the general solution of the homogeneous Eq.(2.5) and (p2@) (r, t) is the 
solution of the same inhomogeneous equation. Choosing the constant D in (2.6) in such a manner 
that g (r, 1) E Lzo (c, 1) for any t (see (2.8) ) , we shall write the functions Q(') (r, t). Q(?) (r, t) and 

g(r, t)in the form of the following series: 

cp:i’ (r, t) = ,s, a:’ (t)vh(r) (i= 1,2) (2.11) 

g (r, t) = [VI* W - w* WI 3$, bncpn (4 (2.12) 

b, = v [ q,,(r) B (r) dr 
c 

The homogeneous Eq.(2.5) and the first relation of (2.11) are both reduced to the integral 
Eq.cl.13) whose solution has the form (1.14). Substituting the second equation of (2.11) and 
(2.12) into the Eq.(2.5) andequating the coefficients on the left and right sides of the 
resulting expression for the eigenfunctions of the operator Ho with like index, we obtain 

i 
a,’ [a 12) (t) - a ~~‘(O)]i~a~~~‘(~)dr=;b,(~~*(r)--r~1*(0)] (O<l<T) (2.13) 

Since the system of exponents {esp(-a$)), takingthelastconditionof (1.14) into account, 
is closed in C(O.T)/6/, paying due regard to the formula (2.3), we obtain, 

(2.14) 

Eq.(2.13), according to (2.14), will be satisfied if a,{?‘(t) has the structure (1.17), 
(1.18). 

Finally, using the relations (2.10), (2.11), (2.14), (1.14) and (1.17) we obtain from 
(2.4) the additional subsidence, unknown under the stamp, and the functions q'2 (r, f),@(r) 

CC 

Y* 0) = 2 (I(2 A h) 6, - a:!‘(‘-‘) M exp (- c,,t) + I%$,> (t)l, (2.15) 
,i=, 

G,=f cp,,(r) B (r)df 

@ (r) = (1 - r) r-‘(r_ (2.li) 
Here, as before, when T>O the remaining terms in (2.17) for 0 (r) can be neglected 

compared with those retained. 
The unknown constants a,@)(O) in Eq.cZ.16) are found by substituting the contact stress 

'P (rr 0) into integral Eq.(1.5) and t = 0, and carrying out the following transformations. 
We supplement the system {m%(r)} (n> 1) of eigenfunctions of the operator Ho (2.9) with the 
element 'p. (r) = (1 - c)-"z. Then the sequence of functions {am,} (n> 0) will be orthonormalized 
and complete in the space L,(c, 1). Let us expand the functions f (r). (1 - c) B (r), (1 - r) r-l E 
L,(c, 1) in series in terms of the system {m,(r)} (n > 0) 

(2.18) 

converging, at least, over the norm of the space L,(c,l). horn formulas (2.1)-_(2.3), (2.17) 
we find 

(2.19) 
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Now using Eqs.(2.18), (2.19) and taking into account the orthonormality of the system of 
functions {cp,(r)}(n > 0) we obtain, in accordance with (1.5) for t = 0 

xI1= -a,,(&d,(l --cc)-"2 + f, f le,) (n > 1) (X0) 

X0=-- 1 
ll/l--c+-tO 

[i X,d,,, j".=(ffo + I+(&$$))-j 
l&=1 

When writingEqs.(2.201, we have taken into consideration the fact that 
the eigenfunctions of the operator (2.9) and satisfy condition (2.8). 

(Fn (r) (n Y 1) are 
From (2.191, (2.20;~ we 

findtheconstaa u,,(')(O),then determine y,(t) using Eq.(2.15), and use the last relation of 
(2.20) to obtain the constant y in (1.3). 

An assertion analogous to that formulated at the end of Sect.1 can be proved for the 
function y (r, t). 

3. Let us consider some special cases. Let e.g. in (1.3) T,=Y*(~)sO. This mear.s that 
the progressive displacement of the stamp is independent of time /2/. From Eqs.(1.4:, :1.221- 
(1.24) we find that 

.,,d(" (0) = a, ('Jb, _-f-r, - IPm) Z(rn > i) (Xii 

o (r, t) = r-1 2 up' (O)cr, (')eXp (- a*t), P(t) ==2.1 5 4;:' (O)b= erp(- a,t) 
I,;;\ n=1 

i.e. in this case the constant pressure andtheforce pressing the stamp into the foundation 
both tend to zero with time. 

Let us now assume thatin (1.3) only ~,(f)~0. This means that the rate of progressive 
displacement of the stamp is constant in tima and equal to v,. From (1.1.7), (l.lS! we find 
that 6, = c,,i = 0. 

Let us also study the limit version of the integral Eq.ll.1) when I= 0. Making the change 
of variable r= ce~p 1(1+ 2) )+I, p = ee~pl(1i 5)/X] and introducing the notation given by the formulas 
9 (E, f) = pX ? r$ (p, t), i.= -2 (In C)“, fi (z, t) = ;cJ;lu (f) - f (r)l, m (~1 = sch (l!& K Is& ('!&I. we obtain an integral 
equation of the first kind with a difference kernel 

$2) 

(3.3) 

Let us further introduce the small parameter ~i.-~(~i.-~<l) and rewrite (3.2) in the form 

Note that the solution of the integral Eq.(3.5) can be obtained using the methods of 
Sects.1 and 2, and we shall therefore not describe its construction. Let us consider Eq.(3.4). 
Taking into account the fact that q (T. t) = IJ ir, r) A 0 (pi.-I) (f E (0. F?.-I), .a).-'4 I). and neglecting 
in the resulting expression terms of the order of (pi.-i):, we obtain 

The solution of (3.6) was obtained using the method of matched asymptotic expansions and 
has the form 1'8,' 

We have in i3.7), by virtue of (3.3) 0 (,) = $z (J. 0) l/*1-_ E c (-1, 1) , and the function li(i.0) 

satisfies integral Eq. (3.6) for E- 0, and 4 ($1 is a solution of the equation 

As was shown in /8/, the latter expression is equivalent to the functional difference 
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equation with shear /9/, which has a closed solution. 

1. 

2. 

3. 

4. 

5. 
6. 
7. 

8. 

9. 

The authro thanks N.Kh. Arutyunyan and V.M. Aleksandrov for their interest. 
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HIGH-FREQUENCY SHEAR OSCILLATIONS OF A STRIP STAMP ON AN ELASTIC HALF-SPACE* 

A.S. ZIL'BERGLEIT, I.N. ZLATINA and T.YU. SIMKINA 

Harmonic shear oscillations of a rigid stamp with a plane base coupled to 
an elastic half-space are studied. The problem is reduced to dual integral 
equations whose solution, effective for short waves, was constructed in 
/l/ and validated in /2/. Expressions for the complex amplitude of stamp 
oscillations are given and analysed, as well as those for the contact 
stresses and their intensity coefficients, and the power averaged over the 
period of oscillations transmitted from the stamp to the half-space per 
unit length of the stamp. 

The problems of the oscillation of a strip stamp on an elastic half- 
space have been the subject of a considerable number of publications (see 
/3, 4/ and their bibliography). However, a high-frequency analysis of the 
oscillation patterns is practically non-existent. The only known reference 
on the subject in a short section in /5/. 

Consider a rigid strip stamp whose plane foot occupies a strip 1~ I( a. y = 0, IZ I( W. 
The stamp is coupled to a homogeneous isotropic elastic half-space y> 8 and executes 
oscillations along the Oz axis under the action of a load harmonically time-dependent, with 
linear density Re (T&q. We will write the unique non-zero displacement component in the form 

u, = u, (I, y, t) = Re Iw (I, y) Fl 
Aw + k*w = 0. y > 0; k = WC-~, c = G"?$:. (1) 

w Iy=o = 6, Ixl<a; q_=o, Isl>a 

The function ~(5, y) satisfies the demand of local finiteness of the energy and radiation 
conditions; G is the shear modulus, 6 is the unknown complex amplitude of the stamp 
oscillations and c is the velocity of volume shear waves. 
of motion of the stamp in complex form 

The problem is closed by the equation 
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